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OSCILLATIONS OF QUENCHED SLOWDOWN ASYMPTOTICS FOR BALLISTIC 
ONE-DIMENSIONAL RANDOM WALK IN A RANDOM ENVIRONMENT 

SUNG WON AHN AND JONATHON PETERSON 


Abstract. We consider a one dimensional random walk in a random environment (RWRE) with a positive 
speed lim n _>.oo ^ 2L = v a >0. Gantert and Zeitouni IGZ98| showed that if the environment has both pos¬ 
itive and negative local drifts then the quenched slowdown probabilities P UJ (X n < xn ) with x £ (0,Uq:) 
decay approximately like exp{—n 1 — 1 / s } for a deterministic s > 1. More precisely, they showed that 
n~ 1 \ogPcj{Xn < xn) converges to 0 or —oo depending on whether 7>1 — 1/s or 7 <1 — 1/s. In 
this paper, we improve on this by showing that n~ 1 + 1 / s log P UJ (X ri < xn) oscillates between 0 and — 00 , 
almost surely. This had previously been shown only in a very special case of random environments [Gan02] . 


1. Introduction 


Let lo = {w z } G [0, If be a sequence of independent, identically distributed random variables called 
an environment, and let a be the distribution of u> on the space [0,1] z of all environments. For a given 
environment w, we can generate a random path, X n ,n G N, with transition probability 

Puj(X n +-\ = x -(- 1|X„ = x) = uj x 
Poj (*„+! = X l|X n = x) ^ 1 CCa,. 


The process generated in this way is called a random walk in a random environment (RWRE). If the path 
X n starting at x is generated under one particular environment w, the corresponding law is called quenched 
law denoted by P*(-), and its expectation is denoted by E*\-\. Without conditioning on the environment w, 
the law of X n starting at x is called the annealed law denoted by P^(-) = E a [P*{-)\, where E a [] denotes 
expectation with respect to the measure a on environments. Expectations under the annealed measure will 
be denoted by Ej£[-]. For simplicity we write P u (-), P Q (-), E a [-] when the walk is started at x = 0. 

The first mathematical result for RWRE was the limit behaviors of X n by Solomon in |Sol75j . Solomon 
proved that the recurrence or transience of the RWRE is characterized by the sign of E a [log po ], where the 
random variables p x are defined by p x = (\ — ui x ) / ui x . In Solomon’s paper, he showed that the RWRE 
is transient to +oo if P a [logpo] < 0, transient to —oo if E a [log po] > 0, and recurrent if P a [logpo] = 0. 
Further, he also proved that X n satisfies a law of large numbers, developing an explicit formula of the speed 
of RWRE. In particular, Solomon showed that the limit v a = linin^oo Xn exists P a -a.s., and if the walk is 
transient to the right (i.e., P a [logpo] < 0) the speed v a is given by 


(1) 


iSfef * E M< i 

0 if E a [p 0 ] > 1. 


An extension to Solomon’s work, the limiting distributions of transient RWRE under the annealed law, was 
studied by Kesten, Kozlov, and Spitzer. In their paper, a parameter s > 0, defined by the equation 


E n[Po] = 1 i s>0, 


proved to be a key factor determining both the scaling factor and the limit law of the random walk. In part, 

• If s G (1, 2), then under annealed law, Xn n ^J l a Vo ‘ => a stable law of index s. 

• If s > 2, then under annealed law with a constant a > 0, ~ Yn =$> a standard normal law. 

’ ’ CTy/n 
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(Here, and throughout the paper, we will use => to denote convergence in distribution.) Limiting distributions 
for s £ (0,1] and s = 2 are also shown in KKS7~i . 

The main results in the present paper concern large deviations of RWRE. A large deviation principle 
(LDP) for X n /n under the quenched measure was first proved by Greven and den Hollander [GdH94l . 
Later, Comets, Gantert, and Zeitouni |CGZ03j used a different approach, obtaining a LDP for X n /n as a 
byproduct of a LDP for T n /n, where T n := inf{i > 0 : Xi = n} is the hitting time of site n. This approach 
had the advantage of giving LDPs under both the quenched and annealed measures. Moreover, the approach 
in |CGZ03| led to a good qualitative description of the quenched and annealed large deviation rate functions. 
Our interest in the present paper concerns certain large deviation asymptotics when the RWRE is positive 
speed and with mixed local drifts; that is, v a > 0 and a(uj 0 < 1/2) > 0. In this case, the results in (CGZ03j 
show that both the quenched and averaged large deviation rate functions vanish on the interval [0, i? a ]. That 
is, 

lim — log ( — < v ) = lim — log P Q ( — < v ) = 0, v £ [0, v a ]. 
n -¥oo n \ n ) oo n \ n ) 

Thus, in the case of positive speed with mixed local drifts, the probability of the random walk moving at a 
positive but slower than typical speed decays sub-exponentially in n. It was shown in several papers that 
the precise rate of decay of these large deviation slowdown probabilities is different under the quenched 
and annealed measures and that the sub-exponential rate depends on the specifics of the distribution a on 
environments [DPZ961IGZ981 lPPZ99j . Our interest in this paper concerns the rate of decay of the quenched 
probabilities P ul (X n < nv ) under the following assumptions. 

Assumption 1. The distribution a on environments is such that E/Jlogpo] < 0 and E a [p s ^\ = 1 for some 
s > 1 . 


Remark 1. It follows from Holder’s inequality that 7 1 —> E a \pff\ is a convex function. Moreover, the slope of 
this function at 7 = 0 is E a [log po] < 0 and thus it follows from Assumption [7] that E Q [po] < 1 and therefore 
the RWRE is transient to the right with positive speed v a > 0. Moreover, since po < 1 ujq > 1/2 

it follows that a(wo > 1/2) > 0 and a(coo < 1/2) > 0. Since the environment is assumed to be i.i.d. this 
implies that a-a.e. environment has sites with local drifts to the right and to the left. 


In addition to Assumption [l] we will also need the following technical assumptions. 

Assumption 2. The distribution o/logpo non-lattice under a and that E a \p S Q logpo] < oo- 

Remark 2 . The conditions in Assumption [^] are needed for certain precise tail asymptotics that we will 
use throughout the paper. It may be that the main results of this paper are true without these additional 
technical assumptions, but this would require dealing with rougher tail asymptotics throughout the paper. 
The conditions in Assumption \2 have also been used in many previous papers in one-dimensional RWRE 

|KKd75| . [?^ . [ i^. |FnFi^ 

The asymptotics of the quenched slowdown probabilities under Assumption[l]were first studied by Gantert 
and Zeitouni in [GZ98I . In particular, Gantert and Zeitouni proved that for any v £ (C),^) and any S > 0, 


lim —— . 

n —>00 77,-*- 

1 


log Pu ( ~~ — i ? ) = 0 , 


a-a.s. 


lim 


log Pu> 


X„ 


< v = — 00 , 


a-a.s. 


n —kxd rp ^ 

One might suspect from this that P u (X n /n < v ) decays on a stretched exponential scale like exp(—Cn 1-1//s ) 
for some deterministic constant C > 0 depending on v £ (0,u Q ). However, in (GZ98) Gantert and Zeitouni 
showed that for any v £ (0,v a ), 

1 X 

( 2 ) limsup , logP w (— < v) = 0 , a-a.s., 

n—>00 W~ l / S n 

and conjectured that the corresponding lim inf is equal to — 00 . The main result of our paper complements 
([ 2 ]) by proving this conjecture. 
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Theorem 1.1. If Assumptions^ and[l| hold, then for any v £ ( 0,v a ), 


( 3 ) 


lim inf 1 , log P u (— <v 

n—>oo n ± / b \ u 


Together with ([2]), we conclude that n i~i/ s \ogP u (X n /x < v) fluctuates between 0 and — oo, a-a.s. 

Remark 3. (i) Theorem \l. 1\ was proved in a special case by Gantert in [Gan02] in which a(wo £ {p, 1}) = 

1 for some fixed p < 1/2. In this case, the environment u) consists of scattered “one-way nodes” fie., 
sites x with ui x = 1) and all remaining sites have a fixed drift to the left. We note that the results in 
|Gan02] also include cases where the distribution a is such that the environment ui = {w x } ie z is ergodic 
rather than i.i.d. In the present paper we restrict ourselves to only i.i.d. environments but remove the 
requirement that the support of loq is { p , 1}. 

(ii) In the same setting of Theorem \l.l\ it was shown in [GZ98 ] that the corresponding annealed probabilities 
decay polynomially fast. In particular, 

lim —^—logP Q (X n < nv) = 1 — s, Vv £ (0,v a ). 

n-¥ oo log 71 

Observe that the decay rate of the annealed case is slower than that of the quenched case due to the 
extra randomness available in choosing an environment ui from Q. 

(Hi) The precise sub-exponential quenched and annealed rates of decay of the slowdown probabilities has 
also been studied under the assumption that the environment has “positive or zero drift;” that is, 
a(uj 0 > 1/2) = 1 and ao := a(wo = 1/2) £ (0,1). In this case the precise quenched and annealed 
asymptotics of the slowdown probabilities were given in IPP991 an (PPZ99) , respectively. In particular, 


( 4 ) 


lim 

n—too 


(log n) 


log Pui (X n < nv) = - 


(tt log ao) 2 

8 


1 - — 
v n 


Wv £ (0, v a ), 


and 


lim —— logP a (X„ <nv) = - 

n —>oo 77 ,° 


27(tt log a 0 ) 2 


1 - 


1/3 


Vu £ (0,u Q ). 


32 \ v D 

In particular, note that the existence of the quenched limit in ([4]) contrasts with Theorem o and |2]). 

1.1. Notation and Background. Before beginning the proof of Theorem |1.1[ we introduce some notation 
that will be used throughout the remainder of the paper. First, we note that throughout paper, we will use 
c, c', C , C’,... as a generic positive constants whose values are not important and may differ by one usage 
to another, and use Go, C\, C 2 ,... as constants constructed for a specific usage. 

Recall that for an environment ui = (u> x ) X £ z, we have defined p x = . Then, for any integers i < j we 

define 

j j 3 


IF; 


*— Pk 5 11 ^ ^ Hfc j ? ^ ' Hj.A 


k=i 


k—i 


k—i 




11 j : X"* '- 

k<j k—i 

(Note that Wj and Ri are hnite for all i £ Z with probability one if G Q [logpo] < 0.) We will use these 
notations frequently in the next sections in order to simplify various expressions under the quenched law. 
In particular, note that we can obtain a quenched expectation of 7 / = X) +1 — (the time to cross from i to 
* + 1) by 

(5) E u [ Ti \ = l + 2Wi, 

which is derived from )TZ04| (2.1.7) and (2.1.8)]. 

Throughout this paper, we will use the method introduced by Sinai of the “potential” of an environment 
which allows us to visualize the environment as a sequence of “valleys” |Sin82| . This technique was originally 
developed by Sinai to study the limiting distributions of recurrent RWRE but has also shown to be useful 
for transient RWRE |PZ09) . [FGP10) . [PS13| . |ESTZ13j . For a fixed environment uj, let the potential V(x) be 
the function 
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Figure 1. The locations of ladder points {vi} ie z on Z. 


[ o lo S Pi if x> l 
V(x) = < 0 if x = 0 

if x < —1. 

The potential V(x) enables us to cut an environment into blocks by “ladder points”, {vi,i £ Z}, defined by 
(6) v 0 = sup{y < 0 : V(y) < V(k),\/k < y}, 

and for i > 1, 

^ = inf {a: > v i _ 1 :V(x) < V(vi_ i)}, and v_ t = sup{y < v_ i+1 :V(y) < V(k),Vk < y}. 
Equivalently, 

v 0 = sup{y < 0 : ^k, v -i < l,Vfc < y} 

and, for i > 1, 

Vi = inf {a; > < 1}, and = sup{y < u_ i+ i : Tfk, y -\ < 1 ,Vfc < y}. 

Figure [l] is an example of the locations of ladder points on Z. Let us denote the length between consecutive 
ladder points by 

li — Vi -|_i Vj , z £ Z, 

and the exponential height of the potential between the ladder points by 

Mi := maxin^j : Vi < j < Vi + 1} = max{e v ^^ v ^ : Vi < j < Vi + i}, i £ Z. 

This exponential height has a crucial role in our analysis because our result shows that the quenched expec¬ 
tation of the crossing times on sections with “big” Mi determines which subsequence to take for Theorem |1.1| 
to be satisfied. Also, we will show that the sums of the quenched expectation of crossing times on sections 
with a “small” Mi is negligible in the limit. 

The ladder points of the environment form a convenient structure for studying the hitting times of the 
random walk. Since the environment is i.i.d. under the measure a, it follows that the blocks of the environ¬ 
ment between adjacent ladder points 2^ = {uj x : x £ [vi,v i+1 )} are i.i.d. for i ^ 0. In particular, {h}i^o 
and {Mi}i^o are both i.i.d. sequences of random variables. However, the interval of environment between 
the ladder points on either side of the origin has a different distribution. In particular, under the measure 
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a, the random variables lo and Mq have a different distribution that U and Mi with i 7^ 0. For this reason, 
it is convenient to at times work with a related measure on environments Q given by 

Q(-) = a(-\v 0 = 0). 

The sequence {to x } xe z is no longer i.i.d. under the measure Q , but this distribution has the convenient 
property that the environment is stationary under shifts of the ladder points of the environment. More 
precisely, if 6 is the natural left-shift operator on environments given by (9co) x = w 1+ i, then for any k £ Z 
the environments lo and 9 Vk Lo have the same distribution under Q. Moreover, under the measure Q the 
blocks between adjacent ladder points *8; are i.i.d. for all i £ Z with each having the same distribution as 
*81 under the original measure a on environments. In particular, this implies that {7;}igz and are 

both i.i.d. sequences under the measure Q. 

The distribution Q was first introduced in [P209| . and we will frequently refer to estimates under the 
measure Q that were proved in this paper. We mention here a few of these that we will use throughout 
the remainder of the paper. First of all, under the measure Q the distances between ladder points have 
exponential tails. That is, there exist constants C, C' > 0 such that 

(7) Q(h >x)< Ce~ c ' x . 

Secondly, it follows from a result of Iglehart |Igl72[ Theorem 1] that there exists a constant Co > 0 such that 

(8) Q(Mi > x) ~ Cqx~ s , as x —> 00. 

(Note that it follows from this asymptotic statement that Q(Mi > x) < Cx~ s for all x > 0 and some C > 0. 
At times we will use this upper bound rather than the asymptotics in (|8|.) One of the main ideas that 
will be used throughout the paper is that the expected time for the random walk to cross between adjacent 
ladder points E'^j [Tj,. +1 ] is roughly comparable to the exponential height of the potential Mi between the 
ladder points. Thus, we expect that E U [T U1 \ also has polynomial tails similar to (|8|). Indeed, it was shown 
in [PZ09] that 

(9) Q{E„[T VX ] >x)~K 00 x~ s , Vx > 0, 
for some K^ > 0. 

We conclude the introduction with an overview of the proof of Theorem 0 As in IGZ98I , we will study 
the slowdown probabilities through the hitting times of the random walk. That is, we will prove Theorem 
1.1 by proving that liminf^oo n _1+1 / s logP w (T ra > un) = —00 for all u > l/v a . We will first show that 
this limit holds for Q-a.e. environment lo and then from this deduce that the limit also holds almost surely 
under the original measure a on environments. The proof of the quenched slowdown asymptotics for the 
hitting times is structured as follows. In Section [2j we give an explicit upper bound of the quenched moment 
generating function of the hitting times with a one way node placed on a site to the left of the starting 
point. This explicit form shows that the sums of quenched expected time between ladder locations control 
the quenched subexponential tail of hitting times. In Section [3j we will show the sums of the quenched 
expected crossing time between ladder locations with “small” Mi are negligible in the limit under a measure 
Q. Finally, in Section[4]we will prove the needed quenched asymptotics of slowdown probabilities for hitting 
times to complete the proof of Theorem o 

2. The Moment Generating Function of Hitting Times with an added Reflection Point 


In this section, we show an upper bound of the quenched moment generating function of hitting time with a 
reflection point. We say a site cc is a reflection point if lo x = 1. Under our assumptions, if a(wo = 1) = 0 (that 
is, there are no reflection points in the environment) then for a-a.e. environment lo the moment generating 
function E ul [e XTl ] = 00 for all A > 0 |CGZ03| . However, if we place a reflection point to the left of the 
starting point of the random walk then the moment generating function is finite for small enough A > 0 and 
we will give an upper bound for this modified moment generating function. For any environment lo and any 
to £ Z, let co(m) be the environment lo modified by adding a reflection point at to. That is, 


Lo(m) x 


lo x i/m 
1 x = m. 
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The main result in this section is the following lemma which gives an upper bound on quenched moment 
generating functions of hitting times with a reflection point added to the left of the starting point. 


Lemma 2.1. Let m < n. If X is small enough such that 

(10) e~ x - sinh(A) (E™ {m) [T n+1 ] - (n + 1 - m)) >0 

where sinh(A) = e ~ 2 e —, then for all m < k < n, 

e~ X - sinh(A) - (,k - m) 


( 11 ) 


E u{m )[e XTk ] < e* 


sinh(A) (E™ (m) [T k+1 ] -{k + l-m)j 


Remark 4. Since E™,s ) \T n + 1] — (n + 1 — to) = Y^k=m(^^(n) [ T fc] — 1) non-decreasing in n, if A > 0 is 
such that (10) holds then it follows that e~ x — sinh(A) Pfe+i] — (fc + 1 — m)^ > 0 for all m < k < n, 

and this is the condition that will be used in the proof below to obtain the upper bound (111. 

Proof. Clearly, it is enough to prove the statement of the lemma when m = 0. Therefore, for convenience of 
notation, let g(k) = 0 )[e Arfc ] for k > 0. We need to show that 


( 12 ) 


g{k) < e x 


e - sinh(A) (E^ [T fc ] - k) 


for 0 < k < n, 


e~ x - sinh(A)(^ (0 )[T fc+ i] - (k + 1)) 
whenever A is small enough so that 

(13) e~ x - sinh(A)(-E w (o)[T n+ i] - n - 1) > 0. 

For n = k = 0, g(0) = e x because a reflection point to the right is placed at a site 0. Thus, (12) clearly holds 
when n = 0 and so we need only to consider n > 1. For any 1 < k < n, let us decompose into a series of 
crossing times from k — 1 to k before reaching k + 1. Let N be a number of times a walk steps from k to 
k — 1 before stepping from k to k + 1. Then, N is a geometric random variable with a success probability of 
u>k and 

N 


Tk = N T 1 + T k-i i R distribution. 


i=l 


where rjfK is an independent copy of for each i. Therefore, we have that 


g(k) = J2^ 


Mo) 


a X(N+l+i:f =1 rjfl 1 ) m = 


|N = n P{N = n) 


n —0 


= J2e X(n+1) 9(k-l) n (l-u Jk y 


U k 


n =0 


= w fe e A ^2 ((1 _ u k )e x g{k - 1))" . 


n —0 


Here, we claim the following statement and postpone its proof until the end that (13) is a sufficient condition 
for 

(14) (1 — ujk)e x g{k — 1) < 1, 1 < k < n. 

Then with a sufficiently small A, we obtain a representation of the moment generating function introduced 
in terms of continued fraction or 

oA 


(15) 


fl(fe) = 


uj k e' 


1 - (1 - ui k )e x g(k - 1)’ 


1 < k < 


Using (15), we will give a proof of (12) by induction in k. If k = 1, then 
d a 


5(1) = T 


uj\e 


uj\e 


1 


1 - (1 - cui)e x g(0) 1 - (1 - LJi)( 


2X 


o-X 


+ pie~ x - pie* 


e-*-sinh(A)(£° (0) [T 2 ]-2) 
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where the last equality is obtained by noting that ([5j) implies -E w ( 0 )p2] = 2 + 2pi. Suppose that the inequality 
in (12) holds for g{k — 1). Then 

sO) = 




1 


< 


1 - (1 - U} k )e x g(k - 1) e x + p k e x - p k g(k - 1) 
1 

,_ A e -A _ „A 


Pke * - p k e' 


e A -sinh(A)(.E„( 0 ) [TfcJ-fc) 

e~ x - sinh(A)(£l a ,(o)[Tfc] - k) 


= e 


(e x + p k e A )(e A - sinh(A )(E^ 0 )[T k ] - k)) - p k e x (e x - sinh(A)(£ , w ( 0 ) [T k -i\ - {k - 1))) 

e~ x - sinh(A)(£^(0) \T k ] - k ) 


(1 + p k ){e x - sinh(A) {E u (o)[T k ] - k)) - p k e 2X {e x - sinh(A)(i? w (o) [T fe _i] - (k - 1))) 

, 16 x < a _ e~ A - sinh(A)(.E cj( o)[T fc ] - k) _ 

(1 + p fc )(e" A - sinh(A)(£ , w( o)[T fc ] - k)) - p fc (e A - sinh(A)(£^ (0) [T fc _i] - (k - 1)))' 

The proof of © will then be complete if we can show the denominator in ( |16[ ) is equal to the denominator 
in (12). To this end, note that implies that 

fc—l j 

(17) E u{0) [T k \ = k + 2^53^. 

1=1 *=1 


Therefore, the denominator in (16) is equal to 


fc-i 3 \ / k—2 j 

(1 + p k ) ( e~ x - 2 sinh(A) ^ ^ IR, - p k e A - 2sinh(A) ^ ^ U itj 

1 = 1 2—1 / \ 1=12=1 


A 


— A 


A 


( k-1 j k- 1 1 fc-2 1 

EE n ij + pk EE II i,j Pk EE n *b 

1 = 1 1 = 1 1 = 1 2 = 1 1 = 1 2=1 

( k— 1 1 fc—1 

Pfc + EE n « + E n -.‘ 

1=1 2=1 2=1 

fc 1 

— 2 sinh(A) EE n « 

1 = 1 2=1 


(18) 


= e A - sinh(A)(£ , t , (0) [T fe+ i] - (.k + 1)). 


Finally, it remains to prove that (13) implies (14). The proof uses a mathematical induction in k which is 
very similar to the proof of (12). If k = 1, fi~3| ) and Remark [4] implies 

e~ x > sinh(A)(^ U) (o)[T 2 ] - 2) = (e A - e _A )pi. 

Since p\ = (1 — wi)/wi and <?(0) = e A , this is equivalent to 

1 > e 2A (l - wi) = e A ^(0)(l - wi). 
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This verifies (141 for k = 1. Suppose n 
the inequality holds for g(k — 1). Therefore 


1 - e 


K g(k- 1)(1 - w fc ) 

N A e_A “ sinh(A)(-B w(0 )[Tfc_i] - (k - 

1 6 ^ 


>1 _ A/i \ A e ~~ ~ smhlAHlMo^fc-rj - (A - 1)) 
e" A - sinh(A)(£ , w ( 0 )[T fc ] - k) 

i~ x - sinh(A)(£^(0) [T k ] - k) - e 2A (l - w fc )(e _A - sinh(A)(E , w ( 0 )[r fc _i] - (& - 1))) 

e~ A - sinh(A)(£ , tj(0) [T fe ] - k) 

;“ A - sinh(A)(^ w ( 0 )[Tfe] - k) - (1 - w fe )(e A - sinh(A)(£7 w ( 0 )[T fe _i] — (k — 1))) 
e" A - sinh(A)(-B w(0) Pfe] - A) 

(1 + pk)(e~ x - sinh(A)(£' tJ (o)[T fe ] - A)) - p fe (e A - sinh(A)(£ , w ( 0 )[T fc _i] - (k - 1))) 

e" A - sinh(A)(£’ w(0) [T k ] - k ) 


> 


= w fc - 


e _A — sinh( 

- sinh(A)(-E ti; (o)[Tfc + i] — ( k + 1)) 
e" A - sinh(A)(^ aJ ( 0 )[Tfc] - k) 
where the last equality comes from ( fl8| . Since E a [log po] < 0 implies ui k > 0 and Remark |4] implies 

e~ A ^ sinh(A)(£„ ( o)[r fc +i] - (A + 1)) 
e~ x - sinh(A)(£' w (o) [T k ] - k) 

we get that 1 > e x g(k — 1)(1 — w k )- 

As a corollary of Lemma |2.1| we obtain the following upper bound for the quenched moment generatii 
function of the time to cross an interval with a reflection point at some point to the left of Xq. 

Corollary 2.2. Suppose m < Ao < Aq for any m, k 0 , k\ £ Z. If A > 0 is sufficiently small enough such th< 
(19) e- A -sinh(A)^ (ro) [T fcl ] > 0, 

£*• |c™»l - ~p ( si ° h W £ X)K.l ^ 


then. 

( 20 ) 

Proof. First 


^j<exp^_ A _ s . nhm 

first of all, if A > 0 is small enough so that (19) holds then 
e" A - sinh(A) (E™ {m) [T i+1 ] - (i + 1 - m)) > 0, : 
ma 2.1 and using the fact that the sequence {Tj}fc 0 <i<fc 1 _i 


Remark [4] implies that 
for all A 0 < i < k\ — 1. 


v / x ujym)\. \ ■ / i • w — — -l 

By Lemma 2.1 and using the fact that the sequence {Ti}k 0 <i< kl -i is independent under P w ( m ), we 

. _. fci -1 

Tpkn r AT*., l tp r A V'-i:. r 1 I rn r_Aril 


EtU^ T ^= E ^)[e X ^o T l= ft E ^m)[e XT '} 

i=k 0 


sn 


(i — m 


i—k 0 


sinh(A) (p^ m) [Tj] — (’- } 

X - sinh(A) (E™ {m) [T i+ 1 ] - (i + 1 - m 

= c a ( fc i- fc n) e ~ A ~ Slnh(A) (^) [Tfc ° ] ~ {k ° ~ m) ) 

e" A - sinh(A) - (Ah - m)) 


gA(fei—feo) I ]_ _|_ 


sinh(A) (^ rra) [?fc 1 ] - (Ar - fc 0 )) N 
e- A - sinh(A) (P™ (m) [T fcl ] - (Ah - m)) y 
















Since 1 + x < e x for any iflwe can conclude that 


e 


A(fci-fc 0 ) 


< exp 


< exp 


< exp 


sinh(A )(^O m) [ Tfei ]_( fcl - fco )) \ 

e X ~ sinh(A) (-E™ (m) [T fcl ] - (Aq - to)) ) 

l S mh(X)(E k J {m) [T kl ]-(k 1 -k 0 )) 

A(fci — fco) H-7- 

V e_A ~ sinh(A) [T fcl ] - (Aq - to) 

/A(Aq - fc 0 ) + sinh(A) (E k J {m) [T kl ] - (Aq - k 0 )) \ 

V e_A - sinh(A) [T kl ] - (Aq - to)) ) 

( sinMA )Et\ m) [T kl ] \ 

^e- A -sinh(A )EZ (m) [T kl ])' 


where in the second inequality we used that the denominator inside the exponent is at most e A < 1 , and 
in the last inequality we used that A < sinh(A) for A > 0. This completes the proof of the corollary. □ 


3. Bounds for quenched expected crossing times 


From the results of the previous section, we see that the quenched expected crossing times are key to 
obtaining bounds on the quenched moment generating functions of hitting times. In particular, it will be 
necessary to obtain control on how small A > 0 must be for the bounds given by Corollary |2.2| to be valid. In 
order to consider this problem in more general setting, let us define a sequence a n = n ni for some rji > 0 , and 
study E u [T Ua ] under the measure Q. First, we decompose E u [T„ a ^\ to the series of crossing time between 
consecutive ladder locations such that 

^a n - 1 

Eu, [Tv J = E E 2 K +1 ] ■ 

2=0 

For simplicity, we will introduce some notation. 

Pi = E V J [T V4+1 ] , * € Z. 

Under the measure Q, recall that isq = 0 and that 9 Ui ui has a same distribution for any i £ Z. As a result, 
{Pi}i£Z is stationary under Q. Next, we determine i.i.d components in i which mainly contribute to the size 
of each /3j. It turns out that Pi is roughly comparable to . Suppose b n = n V2 for some 771 > 772 > 0. 
The main goal of this section is to show that the size of Pi with Mj < b n is small enough that the sums of 
such PiS is unlikely to play a large role in the size of E w [T„ ]. Therefore, the large deviation events are 
primarily dependent on the Pi for indices i with Mi > b n . The following Proposition is the main result of 
this section. 


Proposition 3.1. Let a n = n m and b n = n 112 for some 771 > 772 > 0. Let Assumption [7] and[^| hold. Then, 
for any e > 0 there exist constants C , C' such that 

(21) Q ( E - EqIPo}) > one] < C"a ri e _c ' (los " )2 . 


2 = 0 


The remainder of this section is devoted to the proof of Proposition 3.1 First of all, let c n := [(logn) 2 J 

(c ) . . - 

and define n to be a quenched expected crossing time from Vi to with a reflection point located at 


Pj_( Cn _i). That is, 


o(°n) _ TTiVi 

Pi — E.,f 




[Tv i+l ] ■ 


n(c ) 

The strategy of proof for ( 21 ) is first to show that the sums of differences of Pils Mi <}> n } an d P\ " I{Mi<6„} 
are negligible in the limit, and then prove the inequality of (21) with pi replaced by p\ Cn \ More precisely, 
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we have 


/ a n — 1 


Q I ^ (AI {Mi<b n } — EqIM) > a r 


i =0 


i =0 


(22) < Q X) (A - /3i Cn) )I{M i < b .} > «On + Q E (/3r )l (M*<6n} - ^q[A)D > 5 


2=0 


and we will show that each term in (22) is bounded above by Ca n e c ( Io s n ) 2 . The following lemma does 
this for the first term of (22). 

Lemma 3.2. For any e > 0, there exist C, C' > 0 such that 

Q ^ £ (A - Pt%M t <b n } > ^ < CVe- C(logn)2 . 

Proof. Using 0 , we may write 

Vi+l-l 

&= E ( 1 + 2W i) 




(23) =/i + 2 E W^ lJ + 2lV„ i _ii2 I/iil/4+1 _i. 

3= 

Similarly, applying 0 with a reflection at w Vi _ (cn _ 1) (so that p Vi _ (crl _ 1) = 0) gives 

^.+1—1 

(24) /3( Cri) = li + 2 J2 W ViJ + 2R ViiVi+1 _ 1 W Vi _ (cn _ 1) , Vi - 1 . 


Then by ([23]) and ([24]), we get 

Pi — Pi "' l = 2(1 + W v ._ (c ^_ 1) -i)H u ._ icn _ lhUi -iR l y ijl/i+1 -i 

Hence, 


f a n — 1 


2 = 0 


Q E (Pi^Pi I{M,<M >a n - 


— ^ ^ “I” ^ / L'i_( Cn _i) — ,i/j — — lI{Mi<6 n } -' > . 


2=0 


Since 11^ < Mi for any zi, Z 2 such that Vi < i\ < Z 2 < I'i+i — 1, 

I'i+i-i 


k=v 


Also, from 0 and Lemma 2.2 in [PZ09j there exist c, d > 0 such that 
(25) Q(l 0 > x) < ce~ c x , and Q( 1 + W_\ > x) < ce~ 
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Applying (J25J) and Chebyshev Inequality, 

< Q (3i G [0, a n -l]:li> (log n) 2 ) + Q (3i <E [~c n + l,a n - c n ] : 1 + W^-i > (logn) 2 ) 

+ Q ( S > 4(logn) 4 6 ra ) 

< 2ca n e- c ' (los " )2 + 4 ( log J l ) 4b " jEQ [ n0 i/i _ 1 ]c n -i < Cane -C(i°gn) 2 for some <?/ > 0) 

where the second to last inequality comes from the fact that [n^ i fc = Eq\W 0 ^ 1 _i] (since blocks 
between ladder points are i.i.d. under Q ), and the last inequality follows from £?q[IIo ;1/1 _i] < 1, 6 n (logn) 4 <C 
fln, and c n = L(l°gn) 2 J. □ 

Regarding the second term of (22), we will begin by decomposing in a way that will help us to get 
control the dependence in the sequence. Recall the decomposition of in (24). Observe that the first two 
terms are i.i.d as sequences indexed by i, and the last term is stationary in i but dependent under measure 
Q. Since ^ implies that 


Eq\Po] = E q [1 0 ]+2E q 


V 1-1 


E w oj 

3=0 


+ 2£ l Q[bk_ii?o,!/i-i], 


we can bound the second term of (22) by three different probabilities such that 

/ a n — 1 \ 


Q E (^ C ” V*<M - Wo]) > ~ 


a n 


i =0 


f a n — 1 


< Q [ E^‘- [^u]) > a nj. 


i=0 


6 


i-l I Vi+l-l 

q ( E! I E] Wi/ it ji{Mi<b n } ~ eq 

*=o V 3=Vi 


i/i — l 


E w *oj 


3=v o 




d~ Q I ^ ^ Eq \\V—\Rq^ Ui — i] } > d n ^ 


2=0 


The proof of Proposition |3 .1 1 then follows easily from the following three lemmas. 
Lemma 3.3. For any e > 0, there exists c(e) > 0 such that 


/ a n — 1 


Q E ft " ^Q[ Z o]) > a„e = O (e~ c ^) . 


2—0 


Lemma 3.4. For any e > 0, £/iere exists C, C’ > 0 swc/i that 

( a n — 1 J'i+i — 1 1/1 — 1 

E E jI{Mi<6„} — Eq E 

i=0 i=!^i j=v 0 


(26) 


> a n e I < Ca n e- c ' (logn)2 . 


Lemma 3.5. For any e > 0, there exists constants C, C 1 > 0 such that 


f a n — 1 


(27) Q J2 VriWw - £ Q [VL_ii?o,^-i]} > a n e < 


2 — 0 
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The proof of Lemma |3.3| is a standard result in large deviation theory since the h are i.i.d. with exponential 
tails. We will therefore only give the proofs of Lemmas 3.4 and 3.5 Although the summands in (26) are i.i.d, 
we cannot use the standard large deviation techniques involving exponential moments to obtain a bound like 
in Lemma 3.3 because the exponential moment is infinite as W Vit j > M, and Q(M t > x) ~ C"/X s 

for 1 < s. instead, we adapt a technique of Nagaev and Fuk used on estimating for large deviation probability 
of sums of heavy tailed independent random variables IFN71| . Let X be a random variable on arbitrary 
probability space and let A be a measurable subset of f2. If X < y, we claim that for any h > 0, 


(28) 


E [e hx - 1 - hX] < —- \——E [X 2 ] 


y 


It is easy to verify (28) by the fact that (e hx — 1 — hx)/x 2 is non-decreasing in x. Secondly, we state the 
following lemma which follows easily from the tail asymptotics ([8]) for Mj under the measure Q. 

Lemma 3.6. Let Assumptions [7] andfSj hold. 

(1) If s <2, then Eq[M%I Mo <x] ~ %^ s x 2 ~ s as x ^ oo. 

(2) If s = 2, then Eq[M$I M o < x ] ~ 2C 0 loga: as x — > oo. 

(3) If s > 2, then Eq[Mq] < oo. 


Now we are ready to give the proof of Lemma 3.4 


E 


Proof of Lemma \3.4\ For the simplicity, let us first introduce a notation. 

i/i-i 

W:=E q 

3=”o 

Also, define a positive function (,[i,n) such that 

”i+ l — l 

Q{i,n) . ^ ' Wv t yI{Mi<b„}n{ii<(iog n) 2 }■ 

j=Vi 

Since 11^ j 2 < Mj for any i \,%2 such that < i\ < i 2 < z/j +1 — 1, 

I/j-l-l—1 Vi + 1 — 1 j Vi- 1-1 — 1 j Vi -(-1 — 1 

E Wvi,j = E E — E] E is El < iiMi. 

j—Vi j=Vi k—Vi j—Vi k—Vi j—L'i 

As a result, we have a following bound of 

(29) C (i,n) < (logn) 4 M 1 I {M . <bri} < (logn) 4 6„. 

Replacing the notations in the problem by and W the notation above, the problem is simplified to 


' a n — 1 / Vi+i — 1 

«IE E w ^ 


Vi,j L {Mi<b n } 


- w \ > a n e 


i =0 


f a n — 1 


(30) 


< Q (3z G [0, a n - 1] : k > (log n ) 2 ) +Q E C(b^) > + VF) . 


*=o 


By (25) and the stationarity of k under Q, the first term is bounded by co„e _c ^ lo6n ) 2 for some c, d > 0. So, 
it remains to prove a similar upper bound for the second term of (30). Recall that ({i,n) is i.i.d. sequences 
in i under the measure Q. Then by Chebyshev Inequality, for any A > 0 

(31) Q ^E CM >a„(e + W)j < Eq^^^ C(i,n)] e -Aa„(W+ e ) = e -Xa n (e+W) EQ ^ e \((0,n)^a n ] 


12 














Note that -Eq[C(0,ti)] < W, and ((0,n) < (log n) 4 b n . Then using (28) and (29), 


E c 


,AC(0,n) 


= 1 + XEq [C(0, ri)\ + Eq 


AC(0 ,n) 


- 1 - AC(0,n) 


A(logn) 4 b„ _ i _ Ul ngn Ut 

< 1 + \W + -- \,, A( !, 0S j n E [C(0 ,nf 


< 1 + \w + 


((log n) 4 6„) 2 

gA(logn) 4 b„ _ X _ A(logn) 4 ^ 


b 2 


E [M 0 2 I {Mo<m ] 


With a choice of A = (Iog * } 4 bra , we get 


Eq 


,AC(0 ,n) 


< 1 + 


w 


(log n) A b n bl 


—E [M$I {Mo<bn} \ < exp 


W 


(log n) 4 b n b 2 n 


+ [ M 0 I {M o <b rl }] ) ■ 


Applying Lemma 3.6 we obtain that there exists some constant C > 0 and 

IgAWA + f) if 1 < s < 2 

< W(I^ + wT) 


(32) 


Er 


,AC(0,n) 


exp i 


w 

(log n) 4 b n 


if s = 2 
if 2 < s, 


when A = 


(log n) A b n 


Combining (31) and (32) we get that there exists a constant c > 0 such that 

;ra) 4 b„)) 


c 


{ a n — 1 


c x exp | a n ( hsT (log! 


Q ^2 C(i, n) > a n (e + W) I < cx exp 


i—0 


C log n 

x n l 

’ C 


(log n) A b n 


:)) 


if 1 < s < 2 
if s = 2 
if 2 < s. 


cx exp^a n ^ - (i og „)4 bn 

Note that all three cases are bounded above by ce ° for some c, d > 0 for n large enough. Hence, 

the second term of (30) is bounded above by the right-hand side of (26) for large n. □ 


In preparation for the proof of Lemma |3.5[ we introduce the following notation, 
and define 


If 7 ),n •— bf)'i—( Cn —i),^—i and Ri .— R^i ,^+1 —l, 


ii<(logn) 2 }^i,r(I{vVi lT ,<(logn) 2 }‘ 

Note that ip(i + c n , n) is independent of ip(i , n) under the measure Q. Also, since Ri = Y^k=l~ l < hMi, 
(33) ^(i,n) < (log n) 4 Mil {Mi <b„} < (log n) 4 b n . 

Finally, we give the proof of Lemma [375} 


Proof of Lemma [X5[ For the simplification to notation, denote W' := Eq[W- 1] and R := -Eflbyi,,_i]. Note 
that and W_i are independent because £ {w x : 0 < a; < — 1} while W_i € {w x : a; < —1}, 

so we get 

EqIW^Ro^-i) = EqIW^EqIRo^] = W'R. 

With new notations described above, the problem is simplified to 

Q ( ^2 {Wi,nRi - W'R | > a n e \ < Q (3i e [0,a n -!]:/;> (logn) 2 ) 


2 = 0 


^ an —1 


(34) 


+ Q (3z G [0, a n - 1] : Wi,._i > (logn) 2 ) + Q ^ (^(i,n) - VF'i?) > a„ 


2=0 
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By (25), the first and second terms of (34) are bounded by 2 ca n e c ( lo s n ) 2 for some constant c, d > 0. 
Hence, it is enough to show that there exist some constants C, C' > 0, such that 


f a n — 1 


(35) 


Q I 55 i , (h n ) > ®n( e + W'R) ] < Ca n e c ^ logn) 


i =0 


A proof of (35) begins with grouping { 7 / 7 ( 7 , ^)}{o<i<a„-i} into c n = [(logiz) 2 ] smaller sums as follows. In 
particular, since 

a n — 1 C n — 1 /L a n/CnJ 

<E E Ipu + * c n> n) I , 

.7=0 V i ~° 


i =0 


then the third term of (341 is bounded above by 

/ c„-l /fo„/c„j \ \ c„-l /|a«/c»J 

Q 55 55 V’C? +*c n ,n) > a n (e + W'I?) < 55 <2 55 V’O' + * c n , n) > — (e + W'R) 


j—0 \ 2=0 


3=0 


(36) 


2=0 
'|a„/c„J 

= c n Q I 55 ^(*c„,n) > — (e + bF'i?) 


i=0 


where the last equality follows by the stationarity of under Q. Notice terms in the sum inside the 

probability in (36) are i.i.d. under Q. Hence, applying Chebyshev Inequality to (36), for any A > 0 


(37) 


[_a n /c„\ \ 

Q I 55 ^(*c„,fi)>— (e + W’R) <£q 

»=o Cn ) 

= E Q 


e El=3 /C " J Ai/i(ic„,n) 


o Xip(0,n) 


La„/c„J + l 

e c ” 


e -^(e+W'R) 
(. t+W'R) 


Note that E[i/)(0,n)\ < W’R and recall that 7 / 7 ( 0 , 71 ) < (logn) 4 6„. Therefore, using (28) 


E c 


o \ip{0,n) 


= 1 + A Eq [7/7(0, n)] + Eq [e A ^°’ n > - 1 - A^(0, n) 
r/ e A(l°gn) 4 b„ _ 1 _ A(logn) 4 h 


< 1 + XW R + 


< 1 + XW R + 


((log n) A b n ) 2 

e A(logn) 4 b„ — l — \(\ogn) 4 b r 


b 2 


E [ 7 / 7 ( 0 , n) 2 ] 

E [MqI{ Mo <6„}] 


where in the last line we used the first inequality in ([33]). With a choice of A = ( log „) 4 b , we get 


Ec 


o X^(0,n) 


~ 1 + {Zn)% n + ¥ n E [ M oVo<6»}] 

( W’R 2 r 2 
< exp ( [M 0 2 I {Mo<m ] 


\(log n) A b n bl 

and thus, applying Lemma [3.6[ there exists a constant C > 0 such that 


(38) E q 


o \i/j(0,n) 



W’R 1 C_ 

(log n) 4 b n 

W’R , Clog 

(log n) 4 b n b?, 

W'M 1 C_ 

(log n) 4 b n ' bl 


) 


) 


if 1 < s < 2 


if s = 2 
if 2 < s, 


when A = 


(log n) A b n 


Combining (36), (37) and (38), there exist constants c, C > 0 such that, for large n, 


2=0 


c x c n x exp ( 

' a n f 
i Cn l 

/ c x c„ x exp ( 

' ft n / 

l c n y 

1 c x c n x exp | 

a n ( 

1 c n l 


(log n) A b n 


6^ (logn) 4 6 ? 


c n V (logn) 4 ^ 


:)) 


if 1 < s < 2 
if s = 2 
if 2 < s. 
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Note that all three cases are bounded above by cxc n e c c "( lo « n > 4b ™ < Ca n e c P ogn ) 2 for some c, d , C, C' > 0 
with n large enough, which completes the proof of (35). □ 

4. The Quenched Subexponential Tail of Hitting Time Large Deviations 
The main goal of this section is to prove the following. 

Proposition 4.1. Under the same assumptions as Theorem 1.1, for any u £ (^P,oo), 

1 


(39) 


lim inf 


log P u (T Un > uv n ) = -oo, a-a.s. 


n —voo jd 

Before giving the proof of Proposition |4.1| we will first show how it can be used to complete the proof of 
Theorem 11.11 


Proof of Theorem \l . 1\ Let v < v' < v a , then 

(40) P u (. X n < nv) < P u (T nv i >n) + P™’ (T nv < oo). 

First, we will show that Proposition |4.1| implies that 


(41) lim inf ———p log P w (T n „/ > n) = —oo, a-a.s. 

n—>oo 77 , 1 V s 

To this end, let p and p’ be such that v' < p < p! < v a and let C\ = Eq[v x ] • Since lim^-*.^ = Eq[v i ], 

a-a.s., it follows that 


lim ■ 

n—> oo 


= c\Eq[vi] = p. 


That is, € (v',p') for all n sufficiently large (depending on w). Thus, for a-a.e. environment and all n 

large enough we have that 


Pu>{T nv ’ > n) < P u (T„ lcirij > n) = Pu, ( T, 


-^LciuJ 


> 


'[cm] 


^[cinj I L Pul 


- Z *'Loi»J > J ) 


and since 1/p' > l/v a it follows from Proposition 4.1 that (41) holds. Regarding the second term on the 
right of (40), it was shown in [GS021 Lemma 3.3] that there is some constant C > 0 such that P a [T m < oo] < 
exp(CVn) for any m < 0. Therefore, we have a following upper bound with a choice of small e > 0 such that 

P a (P™'(T nv < oo) > e~ m ) < e £ "P f (T nv < oo) 

= e £ "P a (T n{v _ vl) < oo) < e m e Gn ^- v '\ 

Since v < v', if e > 0 is chosen sufficiently small then the upper bound given above is exponentially decreasing 
in n and so the Borel-Cantelli Lemma implies that P/f v ( T nv < oo) is almost surely eventually less than e~ c n 
for some constant C' > 0 for all n large. In particular, this implies that 

-TTh log P™'{T nv <oo) = -oo, 


lim 

n—Voo 


a-a.s., 


which concludes our proof. 


□ 


To prove Proposition 4.1 let us first define a new measure d on environments by a(ui £ •) = a{9 v °ui £ •). 
That is, a is the distribution of the environment shifted so that the ladder point oq < 0 is at the origin. 
Compare this with the distribution Q which is obtained instead by conditioning vq to be at the origin. We 
show next that d is in fact absolutely continuous with respect to Q. 

Lemma 4.2. a is absolutely continuous with respect to Q. 

Proof. First of all, note that 

{z/ 0 = -k} = {IIj _fe_i < 1 for j < —k, n_ fe j > 1 for - k < j < -1} . 
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Therefore, for any event A G cr({w z }, z G Z), 

OO 

i(u G A) = ch{vq = —k)a(9~ k uj G A \ = —k) 


a[ 


k=0 


= = —k)a{6 k u G A | < 1 for j < — k, n_fcj > 1 for — k < j < —1) 

k =o 

OO 

= a(i/o = —k)a(ui G H | R^-i < 1 for j < 0, Hoy > 1 for 0 < j < k — 1) 

. a(u) G A, Tl 0 ,j > 1 for 0 < j < k — 11 Ilj _i < 1 for j < 0) 


k -o 


= = ~k) 


k=0 


= 51 “K = -*) 


fc=0 


a(n 0 j > 1 for 0 < j < k — 11 < 1 for j < 0) 

Q(u) G A, vi > fc) 

Q(^i > fc) 


Therefore, if Q{u> G A) =0 then a(ui G A) = 0 also. That is, a is absolutely continuous with respect to 

Q. □ 

Remark 5. In fact, the above proof shows that g0(w) = 1 r k, where rk = °Qh,p>k) • 

We now show how the measure a is helpful for proving Proposition 4.1 Since vq < 0 for any environment 
w, we have 

Pui{T Vn > uu n ) < > uv n ), 

and thus to prove Proposition (4.1) it will be enough to show that the conclusion holds with a in place of 

1 


a. That is, we need to show that 


liminf ill /« lo g P u,(T Vn > uv n ) = -oo, 

n—>-oo 77/ ± /* 


a-a.s. 


However, since Lemma |4.2| shows that a is absolutely continuous with respect to Q , the above limit will 
follow if we can show the same almost sure limit under the measure Q. That is, we have reduced the proof 
of Proposition 4.1 to the following. 

Proposition 4.3. Under the same assumptions as Theorem 

1 


1.1 


(42) 


lim inf 


for any u G (^,oo), 
log P u {T Un > uv n ) = -oo, Q-a.s. 


n—>oo 77I 

The remainder of the paper is devoted to the proof of Proposition |4.3| We will follow the approach 
of [GZ98] by dividing the environment into large blocks and then analyzing the crossing times of these 
large blocks. The main improvement we make is that we obtain better estimates on the quenched moment 
generating functions of these crossing times using the results from Section [2] To decompose the environment 
into blocks, fix an integer m > s, let n± = m m for k > 0 and let a*, = n k s /D for some fixed D > 1 which 
we will later allow to be arbitrarily large. The blocks of the environment will be the intervals between ladder 
locations Uj ak and V(j+i) ak f° r J G Z. To simplify notation, let us denote the ladder locations at the edges 
of the blocks by 

v(j,k) :=v jak , j G Z, k > 1. 

The path of the random walk X n on Z naturally defines a birth-death chain by observing how the random 
walk moves from one v(j, k) to either v(j — 1, k) or v(j + 1, k). To be precise, let {L}j >0 be the sequence of 
times when the random walk reaches a ladder point v{j, k) different from the last such ladder point visited. 
That is, to = 0 and 

ti — inf ^77 tj ,—1 . X n G (zz(j,and X n , i ^ 1, 
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We then obtain a birth-death process {Zi}i >o on Z by letting X t . = v{Zi, k). If we let ©i = U — t*_i, then 
it follows that 

N k 

T -.. sE 0 .’ 

i—1 

where N k = inf{z > 1 : Zi > n k /a k } is the time needed for the induced birth-death process to move at 
least n k /a k to the right. If we also define N k = inf{z > 1 : \Z^ \ > n k /a k } to be the time for the birth-death 
process to exit (— n k /a k , n k /a k ) then it follows for any fixed L that 


(43) P U (T V > uv nk ) < P UJ (N k ^ Nk) + Pui(Nk > L 1 Nk — Nk) + Pu 



> uv nk , N k < L 


We will show below that the environment is such that for k large enough the induced birth-death process has 
a very strong drift to the right so that by choosing L large enough we can make the first two probabilities 
on the right above very small. The last probability on the right is the key term, and we will obtain control 
on this by obtaining certain uniform upper bounds on the time it takes a random walk started at v(j. k) to 
reach either u(j — 1, /c) or v(j + 1, k). 

The following result shows that the first term in (43) has an exponential tail. 

Lemma 4.4. There exist 8 > 0 such that for Q-a.e. environment u> there is an integer K(lo) < oo such that 

Pu{N k ^N k )<e~ Sn \ Vfc > K(uj). 


Proof. The event 
Therefore, 

(44) Q(Pu{N k ^N k ) 

Since a(u 0 = 0) > 0 and Q(-) = a(-\vo = 0), we have 


{N k ± N k } C {T v < oo} C {T-n k < oo}. 


> e 


—8n, 


)<Q (Pu(T-n k < OO) > e~ Snk ) < e Snk E Q [P u {T_ nk < oo)]. 


(45) 


pQ [Pui{P—n k < Oo)] — 


E a [P w (T_„ fc < 00 ) 1 ^ 0 = 0 ] < P a (T-n k < 00 ) 


o C-7T.fi 


< 


a(yQ = 0 ) a {vq = 0 ) ch(vq = 0 ) ’ 

where the last inequality holds by Lemma 3.3 in IGS02I . Finally, if 5 > 0 is chosen sufficiently small then 
(44) is summable in k and so the Borel-Cantclli Lemma completes the proof. □ 


In order to determine the decay rate of the second and third term in (43), we first define a set 

n k 


Jn k = [-n fe /ofc, n k /a k \ ©Z= - 


a-k 


nk 

a k . 


1. 


nk_ 

a k 


Clearly, if N k = N k then the birth-death process Z t g J Uk when ti < T Vn . So, we only need to observe paths 
of the birth-death process {Zi}i>o restricted to J Uk and analyze its associated probability. The following 
lemma gives a uniform upper bound (for all k large enough) on the probability that the birth-death process 
steps to the left before time N k . 


Lemma 4.5. There exist 5' > 0 such that 
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Proof. First, note that 


Q ( max P^ k \T v(j _ uk) < T Hj+hk) ) > e~ s ' a A 

Q (n {m {T vU _ i jfc) < r^+i.fc)) > e~ s ' ak ) 
3^Q (PuCfy-i,*) < T„ (1 , fc) ) > e- 5 '“ fc ) 

-Q (P^T-a* < (X)) > e" 5 ' 0 *) 

-Pq [P.;(P-o fc < oo)\e s ' ak , 


jeJ n 

n k 

< 3 —( 
a k 

< 3—( 

afc 

n k 


< 3 


where the second inequality holds because | J nfc | < 3nfe /a*, and Q is stationary under shifts of the ladder points 
of the environment, and the third inequality holds by {T„(_ i,k) < T v (i,k)} Q {T v _ ak < oo} C {T_ a( . < oo}. 
Finally, it follows from (451 that the last line is bounded above by C"—■ )afc . Since this is summable 
in k for sufficiently small S' > 0, the Borel-Cantelli Lemma finishes the proof of (461. □ 

Let {<S'i}i>o be a simple random walk with 

P($+i = Si + 11$) = 1 - P($+1 = Si- 1|$) = 1 - e~ s ' ak . 

Since this random walk steps to the right with very high probability, it is unlikely that the random walk 
takes too long to travel \n k /a k \ steps to the right. In particular, if we fix <5 > 0 and let L k = ak ™ 1 k _ s ^ then 
it was shown in [GZ98 L Lemma 9] that 


P inf < i > 0 : $ = 


nk_ 

a k 


> L k < e 


„-Sin k 


for some > 0. It follows from Lemma |4.5| that the probability of jumping to left under S. t dominates the 
probability of jumping to left under Z.j when = j £ J nk . As a result, if the process stays within J nk , 
then the random walk $ will take longer than the process Zi to reach \n k /a k \. That is, for k sufficiently 
large (depending on w), 


(47) 


P u (N k > Lfc, N k = N k ) < P inf li > 0 : $ = 


nk 

a k 


> L k ) < e 


„ —5i n k 


In order to estimate the decaying rate of the last term in (43), we first find an explicit upper bound of the 
exponential moment of 0^. Recall that, each 0,; is a crossing time from ^(Z,;_i,/c) to either v(Zi_\ — 1 ,k) 
or v(Zi _i + l,fc) that the walk visits first. Then, each 0; is less than the crossing time from i/(Z,;_i, k) to 
v(Zi_ i + 1, k) with a reflection at v{Zi- \ — 1, k) for Zj_i £ Z. Therefore, we have for A > 0 that 


E u , 


= A0iI {z ._ ieJn } 




(48) 


P(Zi-i=j) X Kw-W) [e^w+M)] +P(Z i _ 1 i J nk ) 
r g 


< max E' r v ' , , „ | e 

~ j GJn 


XT,. 


O+i,fe) 


By Corollary 2.2 with m = u(j — 1, fc), ko = v(j, k ) and fci = + 1, k), the right side of inequality in (48) 

orm. That is, with A > 0 sufficiently 

max E v< f, 1,k .\,, \T v a + i fed < ——-, 

?eJ„, sinhA’ 

sinh A {E v ^ x k)) [T vU+hk) ]) 


has an upper bound in an explicit form. That is, with A > 0 sufficiently small enough such that 

ilcLA. if 

j 

we have 


(49) 


— ]< e x P 


„XT„. 


e ~ x - sinhA {E^ H -f k l k)) [T Hj+1M }) 
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for each j £ J Uk . Therefore, we get 


(50) 


E u [e X0illZi - l£Jn k } } < max exp 


jeJ n 


sinh \Tv(j+i,k)]) 

e ~ X - ^nh A {Kt~(j-i,k))i T Hj+hk)\) 


Note that the requirement that A > 0 is small enough so that (49) is satisfied is needed for (50) to ensure that 
certain moment generating functions are finite. Since e _A /sinhA —> oo as A —> 0 + , PI ) is always satisfied 
for some small A > 0. However, we will later want to apply the upper bound (50) with a deterministic 


— l/ S 

choice of A = Afc = D 0 n k with some fixed D 0 > 0, and in this case the bound (49) may not necessarily 
be satisfied. However, we will prove a following claim and show that with this choice of A*, there is an 


environment dependent subsequence of nk where the condition (49) is met. For any fixed constant ei > 0, 
we will show that 


(51) 


Q (max K{i( J 1 -i, k ))[ T ^U+ i,fc)] < 2 ( e q\P o] + dH *-°) = 1 - 




Recall that the sequence au = n l J s /D for some D > 1. Since s { nh ^ fc ~ yy = it follows from (511 that 
if the constants D , Dq and ei are chosen so that D > 2(Eq[Pq] + ei)-Do then 


V v(j-l,k) r rr i , ^{ E q[Po\ + €l) 1/ 

max E u \ v( j-i tk)) [T v (j+ i,fc)] < -^- n k 


< 


sinh A k ’ 


infinitely often. 


Therefore, it is enough to prove (51) to show that there is almost surely a subsequence of nk for which (49) 
holds when X = \ k = . 

To simplify notation, for any integers i, j such that i £ [(j — 1 )a*,, (j +1 )ak — 1] let /3| = k ^ [T Vi+1 ] 

be the quenched expected crossing time from i\ to Vi+\ with a reflection added at v(j — 1, k). Then, we can 


restate (51) as 


(j+l)ofc —1 


(52) 


Q 


max 

jeJ nk 


E 


i—(j- l)“fc 


- 2(Eq\PoI 

i D 


£ l) l/s 

- nj 


i.o 


= 1. 


A strategy for proving (52) is to classify the sums of into two groups by the size of and determine an 
upper bound of the sums of each group separately. For a fixed e > 0 we will refer to {* : Mj > n^ 1_e ^ s } 
and {* : Mj < rij 1 e i^ s } as “big hills” and “small hills,” respectively. Then, we beg in by a lemma showing 
the upper bound of a group of /3| corresponding to small hills using Proposition 


3.1 


An upper bound of pj 

corresponding to big hills requires a more careful estimation because /3f with the biggest hill dominates all 
of the other Pi's. The first step is to prove that Pi corresponding to big hills are typically located outside of 
a small group of ladder blocks. Then, we show that at most one big hill is typically observed at each ladder 
block. Finally, we estimate a uniform bound of /3| corresponding to big hills observed from each ladder 
block. 

The following lemma shows that the maximums of sums of centered expected crossing time with a small 
hill, {Mj < n j. 1 are negligible in the limit. 

Lemma 4.6. Let us define J' = J nk U {— L 77 -*/ a fcJ ~ !}• Then, for any e\ > 0, 

E ^ 


Q 


max 


~ EqIP °D > J Uk 


= 0. 


Proof. Since Pi < Pi for any j £ J' and i £ [(j)afc, (j + l)afc — 1], it suffices to prove 

(i+i)o fc -i 


Q 


max 


E 

*=0’)°fc 


E Q[P o]) > 2 Qk 


= 0. 
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Recall that fii,i € Z is stationary under Q. Hence, 

max ^ (AIr M <n (i-o/ n --B q[/3o]) > ^-afc 

i=U)a k { ~ > 2 

< ( £ (AI(„,<„«->/., - E 0 [A]) > §<*J 

< Cnte- c ' (log,il ) 2 , for some C, C > 0, 

where the last equality comes from Proposition |3.1[ Then, the conclusion follows by the Borel-Cantelli 
Lemma. □ 

Next, a following lemma shows that the maximum fij with big hill always occurs in j £ J nk \ {—1, 0,1} 
for k large enough. 

Lemma 4.7. If 0<e<l — 1/s, then 


Q I max 

jeJn k 

d6[0'-l)afc,(i+ 1 ) a fc” 1 ] 




max 

*e[0'-l)a fe ,0'+l)Qi.-l] 


L °- 


= 0. 


Proof. We have the following inclusion, 


max ) 

j£ J n k 
, *e[(i-l)a fc ,(j + l)a fc -l] 


*£[( J-l)a k ,(j + 1 )afc-l] 


max B 3 - I,... ( i-e)/si > max /^L.. ^ (l-o/n 

je{-i,o,i} 1 f Mi>T H 1 jeJ„ fc \{-i,o,i} f Mfc>n i 1 

/e[(i-l)afc,(j+l)afc-l] *6[(j-l)“Jfci0‘+l)ofc-l] 

C { max Mi > ni 1_e ^ s }. 

-2a fc <i<2a fc -l K 

That is, in order for the two maximums to not be equal there must be at least one large hill corresponding 
to some i £ [— 2ak, 2ak — !]■ Moreover, for large nk, 


Q l max 

— 2a k <i<2a k — 1 


Mi > nj^ 37 ^ = (4a fc )Q(M 0 > n^~ t)/s ) = O 


a-k 


= O 


„!-« / 1 1-e-l/s 

/ \ 71,. 


*k ✓ V"fc 

where the second to last equality comes from the tail asymptotics of Mo in (|8j) and the last equality comes 
from the definition of at- Then, the conclusion of the lemma follows from the Borel-Cantelli Lemma. □ 


A following lemma shows that for nk large enough each interval [(* — 1 )cifc, (i + l)ak — 1] with i £ J nk 
contains at most one big hill. 

Lemma 4.8. If 0 < e < then 

Q (llj £ J nk such that |{i £ [(j — l)cifc, (j + 1 )a*, — 1] : Mi > c)7s } > 2 for infinitely many Jtj = 0. 

Proof. Since {Mijigz is i.i.d. under Q, 

Q (3j £ J nk such that jj {i £ [(j - l)o fc , (j + l)o fc - 1] : Mi > n^ 1_e)/s } > 2^ 

< 3 —£ [0,2a fe - 1] : Mi > n£~ e)/s } > 2). 
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For simplicity, let us denote N := (|{* £ [0, 2a*, — 1] : Mi > rij] t ^ i }. Then, N is a binomial random variable 
with parameter n = 2a*, and p = Q{M 0 > n^~ e ^ s ). Using the inequality (1 — np ) < (1 — p) n for n > 0 and 

0<p< 1, 

Q(N > 2) = 1 — (1 — p) n — np(l — p)”^ 1 < n(n — 1 )p 2 < {np) 2 . 

Recall that a*, = n]/ s /D with some fixed constant D > 1 and Q{Mq > n ^ e ^ s ) < Cro e_1 for some constant 
C > 0. Then, we have 


,n k n ,„ ^ ^ f^Ca k \ . C 


3— P{N>2) <3 — 


afe V 6 / 


< 


1 —l/s —2e ’ 


for some C' > 0. 




□ 


Since 1 — l/s — 2e>0by our assumption, the conclusion follows from the Borel-Cantelli Lemma. 

Finally, we show that for some subsequence of nk the sums of ft? corresponding to big hills are bounded 
above by e'n]/ s for any e' > 0 . 

Corollary 4.9. Suppose 0 < e < . Then, for any e' > 0, 

/ 0 + l)Qfc-l \ 

Q max ^i I {M i >nd-«)/-} < ^nl /s i-o. = 1 

V i=(j-i)a» / 

Proof. First, we prove that, 


(53) 


Q I max 

ieJ» fc \{-i,o,i} 

^*e[0'-l)a fc ,(j + l)Q fc -l] 


It _ / l/ s ■ ■ 1 


Since n k = m m for some m > s and a k = n[/ s /H we have that < a k for all k large enough. Therefore, 
[v- nk _ 1 , i'n k _ 1 ] C [v-a k , v ak \ = [^(—1, fc), i/(l, fc)] and due to the reflections used in the definition of ft? 
the event inside the probability in (53) is independent of the environment in the interval [v _ nk _ 1 , v nk _ 1 \. 
Therefore, the events inside (53) are an independent sequence for k large enough and so to prove (53) by the 


second Borel-Cantelli Lemma it is enough to show that 

OO 

(54) YQ I . _ ft?I 


k=1 


max 

jeJ nk \{— 1 , 0 , 1 } 

^G[(i-l)afc,(i+l)a fc -l] 


{Mi>n/“ e)/s } < £ U k 


1/s 


= OO. 


To prove (|54|), note that 

Q 


i&lti-l)ak,U+l)a k -i\ 


1/s 


/ 

> Q max 

Ve[(j-i)«*,(j+i)«fc-i] 


< e ' n k 


l/s 


(55) 


> Q i max 

1 i6J»„ (2 n k y/‘ 

<*e[0'-i)ofc,(j+i)oi,-i] 

^ ^ ( fti y 

> U max —— —-r- < — 

\i6[-n fc ,n fc -l] { 2 nk) l ? S 2 


< 


It was shown in I PS 131 Proposition 5.1] that { ( 9 ^i / 3 1 — n < i < n} converges weakly to a nonhomogeneous 


Poisson point process with intensity measure 7 x s 1 dx for some 7 > 0. Hence, the probabilities in (55) are 


uniformly bounded away from 0 for all k and thus (54) follows. 
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By Lemma 4.7 and 4.8 we have, for k large enough, 

til 


max kj- 3 ., 

jeJ„ fc \{-i,o,i} < Mi>I 

*e[(i- 1 )“fc,(i+ 1 ) Q fc- 1 ] 


(i_ e) / s = 


(56) 


0’+l)ofc-l 

= max til 

ic j 1 

" fc *=0 —l)ofc 




L {Mi>n^ e)/s }' 


Hence, the conclusion of the Corollary follows from (53) and (56). 

We are now ready to give the proof of the main result of this section. 


□ 




Proof of Proposition \4-l\ Recall that a*, = and L k = ak ™i_g) = T^s n k f° r some fixed S > 0. And, 

choose A = Afc = tifi for any fixed D 0 > 0. Recall from (43) that 


N k 


Pu{T Vnk > uu nk ) < Pu,(N k ^ N k ) + P u {N k > L k , N k = Nk) + P u ^ ©i > un k , N k < L k . 


We have proved in Lemma 4.4 and (47) that the first two terms on the right side decay exponentially for 
Q-a.e. environment ui. Consequently, 

(57) lim 1 , log {pUN k ^ N k ) + P u (N k > L k , N k = JV fc )| = -oo. 

n—>oo n ± / b L ) 

Regarding the third term, for each i < N k the distribution of the crossing time 0.; is determined by the 
location Z,_i G J nk . Also, since N k < L k , 


N k 


' L k 


(58) 


Pu ( X! > Wn k’ Nk < Lk ] < Pjj ( F ©il > 

o A fc 0;I {z ._ lg j } 


< 


,i=1 

L k 

n« 


e -\ k u Vr , k 


where the second inequality comes from Chebyshev’s inequality. Now, we claim that 


(59) 


E u: 


n< 

. 2=1 


D A fc ©iI {z ._ lGJTi } 


- Kw-i,k))l eXkTvU+1,k) ] ) ’ for any L > 1. 


To see this, let 6, := a(X n : n < Y^i=i ©i) be the cr-field generated by the walk up until the i-th step of the 
induced birth-death process on the blocks. Then, 


Euj 

' L 

6? 

II 

1 _ 

l y 

y[e Xk@il i*i-^ J nk)\ <& L _ X 


.2=1 



.2=1 J _ 


= E u: 


L-1 


e *h&ii{z i _ 1 ej„ k } Eu e AfceiI{ z i _ie^ fc }|0 i _ 1 


< max . .... 

- j£j„ k 


[e^^o+i.*)] x E u 


L—l 

n« 


o X k Q i l { z i _ 1 eJn k } 
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where the last inequality comes from (48), and then (59) follows by induction. Applying (59) with L = Lfc, 
we have 


EE f ^lA logP - (E 0 i > uv nk , N k < L k 


N k 


k—Yoo 


- ^7i log | Ur, ) « 


D -A kUVnu 


= J^T. (■»*>■£ i,*)) [e 


AfeT„( i + i ife) i j _ 


AfcZlfcW 


1-1/s 


(60) 


< liminf 


Lk 


sinh Xk(Ej^^ lk ^ P^(j+i,fc)]) 


max 


^kUV nk 


n~ 1/s \^ k e~ Xk sinhA k{Kw%)[ T »U+m\) I ^ ’ 


where t he f irst inequality comes from (58) and (59), and the last inequality comes from ([50]). Recall from 
that, for any ei > 0 and 0 < e < there is a K(u>) such that for all k > K(ui), 


Lemma 

(61) 


4.6 


max 

o^ k 


U+ ^~\jr / Eq[P 0 ]+ ei /2 1/s 

E PihM^n i 1 -)/-} < --- nj 


i=(j)a-k 


D 


On the other hand, by Corollary 4.9 with e' = ei / D, we can hnd an environment dependent subsequence of 
rife defined as nk 1 such that 

(i+iW'- 1 


(62) 


max 


E ei 1 




. e l l/s 

{M i >n^r ),S } K D k ' 


Then, by a choice of D > 2(L1q[/ 3 0 ] + ei)An (51) is satisfied for some subsequence k!. Therefore, we can 
conclude that (60) is bounded above by 

Lfc sinh(A k ) EQ[Pa] +^ l/2 n l J s A k uv nk 


lim 


(63) 


k ^°° n\ 1|/s e~ Afc - 2 sinh(Afc) Eq ^ +£l nj, 1//s 

A>(£q[Aj] + 3 £l /2) 


- Dom-EqE^i], Q-a.s., 


(1 — ^)(1 — 2D 0 (£1q[/3 0 ] + e-Cj/C) 

where in the last equality we used that Afe = Lfc = jBs n k 1 ^ and the fact that v n /n —> LCgfi/i], 

Q-a.s. In summary, we have shown that for any Do, ei, <5 > 0 and for all sufficiently large D < oo that 

1 . - . . LAq(^7 q [/ 3 0 ] + 3ei/2) 


lim inf ■ 


log Pu(T„ n > uv n ) < 


™ n i-i/. (1 — 5)(1 — 2D 0 (Eq[(3 0 ] + e\)/D) 

By first taking D —► oo and then letting ei,(5 —»• 0, we can thus conclude that 

'E Q [p o 


-DomLq^i], Q-a.s.. 


(64) 


liminf 1 , logP u (T Vri > m/ n ) < £> 0 -Eq[Ti] ( 

n—>-oo 77 , 1-1 / s \ 




— u 


Q- a.s., 


for any Dq < oo. Finally, since 


1 r T n T v , 

— = lim — = lim — 

Vfy n—¥ oo n n—>• oo ZA, 


= l im TdlI1 = 


n—>• oo Tl ZA, 


£qN ’ 


it follows that the term in parenthesis in (641 is negative for zi > l/t; a , and thus the right side of (64) can 
be made smaller than any negative number by choosing Dq sufficiently large. □ 
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